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The Cartesian coordinates of

erZIlsin(8]+xP(t)
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x,=x,—I,sin(¢)

the two masses are
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An elastic potential energy UQ:% F;(El—tl})

IS stored in the spring.
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Based on the second order development of X1, y1, X2, y2 an
approximate Lagrangian can be written in terms of 8 and .

More convenient variables can then be introduced such as

x=1,0—1¢
z=1,0+1,¢



The analytical equations of the

Pendulum-inverted Pendulum oscillator

x=1,0—1,0
z=1,0+1,0

the Lagrange’s equations of the system can be summarized as

) =_£K( NY,
2

In terms of the variables [

X

—

where the constant matrices M, K and N are, respectively,
M}L4+(}\,2+1)2 M}L;

ur’ wA’
(W+ 1) —1+y (X2 +1) (u+1)A°+r—y(A—1)
()M +r—y (R =1) (url)A=2"+y(h—1)

M=

N:(?\2+1)((H+L)£L2+l

and some dimensionless parameters have been introduced:

m l _ K 2
: m, '’ l,’ mygl, -




Oscillations

The equation describes a forced 2-DoF oscillator. Here we focus on the free oscillations
(although the complete transfer function is available for further study).

% (-

The Laplace transform of the equation gives

SE(E =—£M‘1K(E
l; >

M|} = gM_lK

.-"
!

or =0,

S+EMK||Y

l z
By putting the MK matrix in the diagonal form, one finds the natural frequencies of the
system and the eigen-states of the oscillator that are presented hereatfter.

1
All plots are worked out with I, = 0.5m. All frequencies scale like e
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nw=1.59
[12= 0.5m, m,= 1.59 mz]
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p=2.52
[12= 0.5m, m,= 2.52 m2]
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4
[12= 0.5m, m,= 4 m2]
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The Pendulum-Iinverted Pendulum

oscillator with a constant vertical load

Let's suppose that a load is suspended to the device and that
this load can be approximated with a constant vertical force.

The Lagrange’s equations of the system become

M —Nx,

x :_g(K"'KT)(x
l, -

- -
! !

where a new constant matrix Kt is introduced
3
K=+ ( 2 -1 x(x+1))

AMa+1) A(1-2)

along with the new dimensionless parameter v=

m,g .

The natural modes of the loaded system can thus be found
by solving N
(x

=0

32+I£M_1(K+KT)
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5

[12= 0.5m, m,= 1.59 m., T=5 ng]

1.59, v
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5

[12= 0.5m, m,= 2.52 m., T=5 ng]

2.52, v =
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=4, v=>5

[[,=05m m=4m,T

5 m,g]
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=4, v=>5

[[,=0.5m m=4m,T

5 m,g]
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w=4,v=10
[l,=0.5m, m=4m,, T=10m,g]
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f.T/fO
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Variable definitions and values

System variables:

x=1,6—1,0
2=1,0+1,0

All plots are worked out with [, = 0.5m. All frequencies scale like —— .

y [ 7

. m [
Parameter definitions: u=— A=— y=—= v= 4
m / m,gl, m,g
Interval: l1to4 1to3 1to 32 0, 5,10
No of values: 4 64 64 3
Equally spaced in: Log scale Log scale Log scale Lin scale
1
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